Abstract. A twisted torus knot is a knot obtained from a torus knot by twisting adjacent strands by full twists. The twisted torus knots lie in F , the genus 2 Heegaard surface for S 3 . Primitive/primitive and primitive/Seifert knots lie in F in a particular way. Dean gives sufficient conditions for the parameters of the twisted torus knots to ensure they are primitive/primitive or primitive/Seifert. Using Dean's conditions, Doleshal shows that there are infinitely many twisted torus knots that are fibered and that there are twisted torus knots with distinct primitive/Seifert representatives with the same slope in F . In this paper, we extend Doleshal's results to show there is a four parameter family of positive twisted torus knots. Additionally, we provide new examples of twisted torus knots with distinct representatives with the same surface slope in F .
Introduction
A twisted torus knot is a knot obtained from a torus knot T (p, q) by twisting r adjacent strands n full twists. We denote the twisted torus knot with these parameters by K(p, q, r, n). Much work has been done recently in the pursuit of understanding the twisted torus knots. Lee classifies the twisted torus knots that are unknotted [9] and gives an infinite family of twisted torus knots that are cable knots [8] . Morimoto describes an infinite family of composite twisted torus knots [11] and shows that for any positive integer n, there are infinitely many twisted torus knots with an n-string essential tangle decomposition [12] . Moriah and Sedgwick provide an infinite class of hyperbolic twisted torus knots with a unique minimal genus Heegaard splitting [10] . Bowman, Taylor and Zupan compute bridge numbers for a family of hyperbolic twisted torus knots and show that each knot in this family has two arbitrarily large gaps in its bridge spectrum [1] . Doleshal [4] provides a class of twisted torus knots that are fibered by proving the following theorem.
Theorem 1 (Theorem 3.1 of [4] ). The twisted torus knots K(p, q, r, −n), with n > 0 and r < q, are positive when nq < p.
Note that by [2] , if r < min(p, q), then the knots K(p, q, r, −n) and K(q, p, r, −n) are isotopic, so this result actually holds for K(p, q, r, −n) with n > 0 and r < p when np < q as well. We extend Theorem 3.1 of [4] with the following: Theorem 2. Suppose p, q, r, n ∈ N with p, q, r ≥ 2 and (p, q) = 1. Further suppose that k and e are the integers with k ≥ 0, 1 ≤ e < q, and p = kq + e. The twisted torus knot K(p, q, r, −n) is positive if n < k + 1, or if n = k + 1 and r ≤ e.
This theorem provides an infinite family of new examples beyond those discovered in [4] . In particular, we call attention to the condition that n ≤ k + 1 in Theorem 2. If n ≤ k, then nq ≤ kq < p, and the previous results apply, so the content of the extension is the case that n = k + 1. If n > k + 1, then there appears to be too much negative twisting introduced by the n full twists, and we conjecture that the resulting twisted torus knots cannot be positive. In the case that n = k + 1, however, we find a significant extension of known results, using k full positive twists to cancel n − 1 negative twists, and the remaining e partial positive twists to cancel the remaining full negative twist.
The condition, then, that e ≥ r seems an important one. For instance, the twisted torus knot K(4, 3, 2, −2), as noted in [4] , is not fibered, and thus does not have a positive braid representation. Note that in this case, e < r.
We offer two different proofs of Theorem 2, effectively describing the same simplification process, but viewed from fundamentally different perspectives. The first proof is algebraic, relying on calculations in the braid group, and is in the flavor of [4] . The second proof is geometric in nature, making use of surgery diagrams for a link. The two proofs can be seen to complement each other, either providing insight into an alternate interpretation of the other. Further, each viewpoint may appeal to the preferences of different readers, inviting both topologists and algebraists to consider questions like whether these hypotheses are sharp.
Once we establish the additional family of twisted torus knots that are positive, we will then be in a position to investigate the positions of these knots with respect to Heegaard surfaces in S 3 , and introduce another infinite family of knots that have non-equivalent positions on the natural genus two Heegaard surface. Interestingly, the knots are all either torus knots or unknots.
Like the twisted torus knots, primitive/primitive and primitive/Seifert knots lie in the genus two Heegaard surface F for S 3 , where the primitive/Seifert knots are a generalization of the primitive/primitives knots. For compactness of notation, we sometimes use p/p to denote primitive/primitive and p/S to denote primitive/Seifert. The importance of the primitive/primitive and primitive/Seifert knots lies in the guarantee that they admit lens space and Seifert fibered space surgeries, respectively, at the surface slope of the knot with respect to F . Dean [3] gives a list of requirements on the parameters of a twisted torus knot that allows for the twisted torus knot to be primitive or Seifert with respect to one of the handlebodies bounded by F and used these requirements to determine a class of twisted torus knots that are primitive/Seifert. Because it is not known that Dean's sufficient conditions to be a Seifert curve are also necessary conditions to be a Seifert curve, we refer to the curves that Dean describes as HEM-Seifert. (This term refers to Dean's hyper-, end-and middle-Seifert nomenclature.) Given a particular knot K, there can be two curves α and β in F so that α and β are nonisotopic in F but α and β are both isotopic to K in S 3 . We call α and β representatives of K. As shown in [4] , [6] , and [7] , there exist knots K so that α and β are both primitive/Seifert and have the same surface slope with respect to F , and there exist knots K so that α is primitive/primitive and β is primitive/Seifert while α and β have the same surface slope with respect to F . In the former case, K is called p/S-p/S and in the latter case, K is called p/p-p/S.
Expanding on a theorem from [4] , we prove the following.
Theorem 3. DistinctPositionsOfKnots For integers k, q, and m with k ∈ {0, 1}, q > 2, 1 ≤ m < q, and (q, m) = 1, let K 1 and K 2 be the twisted torus knots
, with their canonical embeddings on the genus two Heeagaard surface, F , for S 3 . Then, K 1 and K 2 are isotopic as knots in S 3 and have the same surface slope with respect to F .
(i) When k = 0, and (a) m = 1, then K 1 is p/p, and K 2 is primitive with respect to one handlebody but neither primitive nor HEM-Seifert with resepct to the other. (b) m > 1, then both K 1 and K 2 are primitive with respect to one handlebody, but neither primitive nor HEM-Seifert with respect to the other. (ii) When k = 1, then both K 1 and K 2 are p/p.
Further, when k = 0, there is no homeomorphism of S 3 sending the pair (F,
The case of k ≥ 2 appears as a theorem in [4] . The proof that there is no homeomorphism sending (F, K 1 ) to (F, K 2 ) in that case employs the structure of the Seifert fibered space obtained from Dehn surgery on the knots at the shared surface slope with respect to F . In Case 6, the knots are not HEM-Seifert, so that method is not available to prove the corresponding result. Instead, we define the extended Goeritz group and use this new object to provide a homological obstruction to a such a homeomorphism.
In Section 2 we lay out important definitions. In Section 3, we present two proofs of Theorem 2, one braid theoretic and one geometric. In Section 4, we introduce the extended Goeritz group and prove Theorem 6.
2. Definitions 2.1. Positive Knots. A crossing of an oriented knot diagram is said to be a positive crossing if the orientation along the over-strand and then the under-strand obeys the right-hand rule. Otherwise, the crossing is said to be negative (see Fig. 1 ). Note that reversing the orientation of the knot does not change whether each crossing is positive or negative, so the sign of a crossing is a property of the (unoriented) knot diagram.
A knot is said to be positive if there exists a diagram for the knot with only positive crossings.
Twisted torus knots.
A torus knot is a knot that is isotopic to one lying on the surface of an unknotted torus in S 3 . A torus knot, denoted as T (p, q), can be parameterized by two co-prime integers, Figure 1 . A positive crossing and a negative crossing, respectively, in a knot diagram.
where p denotes the number of times the knot wraps around the meridian of the torus and q the number of times the knot wraps around the longitude. If we add additional full twists to some number of adjacent strands of a torus knot, the result is known as a twisted torus knot. We define a twisted torus knot as a torus knot with an additional n full twists on r adjacent strands. Twisted torus knots can be parameterized by four numbers, p, q, r, and n, where p, q indicate the original torus knot, r is the number of strands to which additional twists are added, and n is the number of full twists added to those strands, with the direction of twist determined by the sign of n. We denote a twisted torus knot by K(p, q, r, n). Without loss of generality, a torus knot can always be represented with all positive crossings. So if we add a positive n full twists on r adjacent strands the resulting knot is still positive. There is a specific class of twisted torus knots that have been shown to be positive even if n negative full twists are added, namely when r < q and |n|q < p as shown by the second author.
2.3.
Braids. The braid group on m strands, denoted B m , is the group generated by m − 1 elements, σ 1 , σ 2 , . . . , σ m−1 , with relations σ i σ j = σ j σ i if |i−j| > 1, and
The latter family of relations is collectively referred to as the braid relation. Thus,
The group represents braiding among m parallel strands of string, where the generator σ i corresponds to a half twist between the ith strand and (i + 1)st strand in which the (i + 1)st strand is pulled over the ith strand. The crossing created by the generator σ i is called a positive crossing. Similarly, the generator σ A braid can be closed to form a knot or link by connecting the top and bottom of the ith strand for each i = 1, 2, . . . , m in a way that does not introduce any additional crossings. This knot or link is called the closure of the braid. If all of the generators in a braid word appear with positive exponents, then the braid is called a positive braid. When the closure of a positive braid is a knot, the closure is a positive knot. Every knot can be expressed as the closure of a braid.
We will use a modified notation from that in [4] .
To avoid confusion with exponents, we will always write exponents outside of parentheses. In this notation, then, a torus knot, T (p, q), can be represented as the closure of a positive braid on q strands, Π
Further, by introducing n full twists into the first parallel r strands at the bottom of this braid, a twisted torus knot, K(p, q, r, n), can be represented as the closure of a braid on q strands, Π
Heegaard splittings.
A handlebody is a 3-manifold with boundary that is homeomorphic to a boundary connected sum of solid tori. The genus of a handlebody is the number of solid tori, or equivalently, the genus of the boundary surface of the handlebody. Given a 3-manifold, M , a Heegard splitting is decomposition of M along a closed, connected, orientable surface, called a Heegaard surface, into two handlebodies. The genus of the Heegaard surface is called the genus of the Heegaard splitting. Every closed, compact, connected, orientable 3-manifold has a Heegard splitting. The three-sphere has a unique Heegaard splitting of each genus (see [15] ).
A twisted torus knot, K(p, q, r, n), has a natural position on the genus two Heegaard surface of S 3 , as follows. The torus knot T (p, q) sits on an unknotted torus, T . Let D be a small disk in this torus intersecting T (p, q) in r adjacent sub-arcs. Let T be another unknotted torus, let K be a r copies of T (1, n) in T , and let D be a small disk in T intersecting this link in r adjacent sub-arcs. Then removing D from T , D from T , and identifying the resulting boundaries, keeping orientations consistent, results in K(p, q, r, n) on the genus two Heegaard surface for 
Braids
We will present two proofs of the main theorem. The approach is essentially the same in both, but our first proof will be algebraic, and our second proof will be purely geometric in nature. The two can be seen to complement one another. We will begin with several lemmas, as well as some discussion of how to interpret the statements of these lemmas in terms of braided strands.
Proof. If a = b, then the statement is equivalent to the braid relation. Henceforth, we will assume that a < b.
From Π b+1 a+1 , we can move σ b+1 past all of the generators to the left of it except for σ b . Therefore we have
From Π b+1 a+1 , we can then move σ b past all of the generators to the left of it except for σ b and σ b−1 , to obtain
Moving each of the remaining generators from Π b+1 a+1 to the left as much as possible we get
We can then apply the braid relation on σ a σ a+1 σ ±1 a to obtain
Applying the braid relation on σ a+1 σ a+2 σ ±1 a+1 we get
We can continue to apply the braid relation b − a − 2 more times to get
Moving σ a+2 to the right past σ a we get
We can then move σ a+3 to the right past σ a+1 and σ a so that
Continuing in this way, we can move one of each of the generators σ a+4 through σ b+1 to the right to obtain
We will find it useful in specific applications to have slightly more general versions of this statement, in the forms of the following Lemmas.
Proof. Beginning from the expression on the left, move σ i to the left past as many generators as possible to get Π
. By Lemma 1, we can rewrite
over the first r strands.
Since the index of σ i+a differs from all the other braid generators to its left by at least 2, we can move σ i+a past all of the remaining generators to get
.
In fact, we can interpret and understand the statement of Lemma 2 as sliding a crossing (generator) along a group of strands that all pass over another group of strands. The result shifts the index of the generator. See Fig. 6 .
By Lemma 1, we can rewrite the expression as,
By the commutativity properties of the braid group, σ b+n can be moved past all of the generators to the left of it to get,
We can now rewrite Π a+n−2 a
. Therefore our expression becomes
We can then move σ a+n−2 to get
Moving σ b+n−1 to the left we have,
Continuing in this way n − 2 times, our expression becomes The following statement is a re-working of Lemma 3.4 from [4] by the second author, adapted to our different choices of convention and notation.
Proof. Rewriting the expression in terms of braid generators we have
Moving σ ±1 t past the first t − l − 1 generators we get
By the braid relation σ t σ t−1 σ
Moving σ ±1 t−1 past the remaining s − t generators, we obtain σ
We state here an immediate corollary of Lemma 4 that will be a convenient form for us.
Proof. Apply Lemma 4 a total of b times, noting that after each application, the new index of the generator will be between the top and bottom indices of the term immediately to its left.
It is worth noting that Lemma 5 is analogous to Lemma 2, only instead of sliding a crossing along a group of strands that run entirely above another group of strands, it is sliding along a group running below other strands.
The following Lemma is an interesting observation that a full twist can be factored into sub-twists, wherein the last q − r strands wrap completely around the first r strands, followed by a full twist within each of the groups of q − r and r strands, respectively. This is best appreciated by examining Fig. 8 . Proof. We begin with the expression on the right,
We first explore how the terms in (Π 
By Lemma 4 we have,
Applying Lemma 4 an additional r − 1 times we get,
. . .
We can now rewrite Π q−2 r+1 as σ q−2 Π q−3 r+1 to get
As before, r applications of Lemma 4 gives
Each of the remaining generators of Π q−3 r+1 can be moved over in precisely this way, so we will obtain
, which can then be simplified to Π
We can now use this entire relation on the q − r copies of the expression Π 
.
In fact, taking a = 2, b = r + 1, and n = q − r − 2 in Lemma 3, (3), we now get
We can then use commutative properties of the braid group to move σ 1 to the left to get
Continuing in this way (q − r − 2) more times, we can express the word on the right as (Π 
The heart of our proof and the ability to introduce additional cases of positive twisted torus knots beyond those discovered in [4] is the following Lemma. While [4] uses positive full twists in the torus knot to cancel negative twists among a subset of strands, if there are not enough of these positive full twists, then not all of the negative crossings may be eliminated. However, if there are enough partial twists in the positive direction remaining from the torus knot, then some cancellations may still be possible. See Fig. 9 . . = Figure 9 . The negative full twists on r strands at the bottom can be systematically undone using the positive crossings above, even though they do not constitute even one full twist of the q strands.
Once again, peeling one term from the left and right terms, we get
. 
Express

−r+3
Continuing in this way r − 3 more times we have, Π
We are now is a position to prove our Main Theorem.
Theorem 2. Suppose p, q, r, n ∈ N with p, q, r ≥ 2 and (p, q) = 1. Further suppose that k and e are the integers with k ≥ 0, 1 ≤ e < q, and p = kq + e. The twisted torus knot K(p, q, r, −n) is positive if n < k + 1, or if n = k + 1 and r ≤ e.
One particularly nice property of knots formed as the closure of a positive braid is that such knots are known to be fibered, by work of Stallings [14] . A knot K in S 3 is fibered if S 3 − K is homeomorphic to (F × I)/f , where F is the interior of a Seifert surface for K and the map f : F × {0} → F × {1} is a homeomorphism.
Corollary 1. The knots in Theorem 2 are fibered.
First Proof of Theorem 2. If n ≤ k, then nq ≤ kq < p, and the result was proven in [4] . We limit our proof, then, to the case that n = k + 1.
The twisted torus knot K(p, q, r, −(k + 1)) can be written as the closure of the braid word We will move the term Π r−1 1
−(k+1)r+r
from the right, through the next three terms on the left, tracking the effect on the indices of the generators in the product as we do so.
First, the indices of the term on the far right are at least two lower than any of the indices in the term to its immediate left, so these two terms commute. We can then use Lemma 3 (3), to move this term through the next term to the left, shifting its indices up by (q − r). Our expression becomes After repeating this process k − 2 more times we end up with
which simplifies to
Since e ≥ r, by Lemma 7 we finally arrive at
which is evidently positive.
For a more directly geometric interpretation, we also offer the following proof.
Second Proof of Theorem 2. We will refer to a partial twist (on q strands) in a braid as a portion of the braid in which one strand crosses once over every other strand, corresponding to the word Π q−1 1
. The torus knot T (p, q), then, can be considered as the closure of a braid in B q with p partial twists. We consider the twisted torus knot K(p, q, r, n) as the closure of a braid in B q by adding n full twists to r adjacent strands in the braid representing T (p, q). The choice of r adjacent strands does not change the knot, so we use the first r strands for ease of computation. For simplicity, the braid is drawn as a link surgery diagram, as shown in Figure 10 . K(p, q, r, −n)
have e partial twists and k full twists on all q strands followed by −n full twists on the first r strands. Thus, we have Fig. 11 . For any braid in B q and r < q, a full twist on all q strands can be represented instead by a braid where the first r strands pass over and then under the remaining q − r strands and the groups of the first r strands and the remaining q − r strands each have a full twist on that group of strands. The braid theoretic statement of this is given in Lemma 6.
In K(p, q, r, −n), since there are k full twists on all q strands, we can transform each full twist to obtain Fig. 12 . Since the first r strands and the remaining q − r strands stay in the same positions through a full twist, the link components indicating full twists can be pushed to the top of the chain of twists between the group of r strands and the group of q − r strands. The link surgeries on the first r strands are combined into a surgery on a single component to obtain Fig. 13 .
In Fig. 13 , all crossings are positive except, possibly, in the region where 1/(n − k) surgery on a link component is indicated, so we may consider only the parts of the diagram above the dashed line. If n ≤ k, then there are already no negative twists in this diagram, and we have recovered a proof of Theorem 1. If n = k + 1, then since r ≤ e, we may use Lemma 7 to redraw the portion above the dashed line as Fig. 14 . Now we have a braid with all positive crossings.
Inequivalent positions of knots
In this section, we will discuss knots positioned on a genus two Heegaard surface, and relationships between such a knot and the handlebodies on either side. We will also introduce the extended Goeritz group and discuss its induced action on the homology of a surface.
Primitive and Seifert positions.
We begin by introducing the notion of Dehn surgery. Let K be a knot in S 3 , and let N (K) denote a closed tubular neighborhood of K. A slope on K is an isotopy class of curves in ∂N (K).
Let α be a slope on K. Let M K be the manifold obtained by removing the interior of N (K) from S 3 , so that M K is a three-manifold with boundary, and that boundary is a torus, ∂N (K). Let M K (α) be the quotient three-manifold obtained by attaching a solid torus, D 2 × S 1 , to M K so that the slope α is identified with a non-trivial isotopy class of curves in
This process is called Dehn surgery on K along α.
Dehn surgery is an important and long-studied area of low-dimensional topology, motivated initially by the incredible fact that every possible closed, compact, connected, orientable three-manifold can be obtained by some finite collection of simultaneous Dehn surgeries on the components of some link in S 3 (see [16] ).
Definition 2. Let K be a simple closed curve embedded in a closed surface F in S 3 . Let N (K) be a closed tubular neighborhood of K in S 3 . The surface slope of K induced by F is the isotopy class in ∂N (K) of a component of F ∩ ∂N (K).
When the surface F is understood, the reference to F is often omitted. For instance, the twisted torus knots we have discussed lie on a Heegaard surface of genus two, and therefore have a naturally associated slope induced by this Heegaard surface.
John Berge recognized that if a knot sits on a Heegaard surface in such a way that it has a nice position in relationship to both of the handlebodies on either side of the surface, then Dehn surgery on the knot along the surface slope would yield a predictable manifold. This precipitated a great deal of research into which positions were interesting, and what the resulting manifolds would be.
Let H be a three-manifold with boundary, and let K be a simple closed curve embedded in ∂H. A 2-handle attachment to H along K is the quotient three-manifold obtained by attaching a 2-handle, D 2 × I, to H so that the annular region, ∂D 2 × I, is identified with an annular neighborhood of K in ∂H. The resulting manifold is denoted
If H is a genus two handlebody, and K is a simple closed curve embedded in ∂H, we say that K is primitive with respect to H if H[K] is a solid torus, or we say that K is Seifert with respect to H if H[K] is a manifold in a special class, called a Seifert fibered space. Definition 3. Let K be a knot sitting on a genus two Heegaard surface bounding two handlebodies, H and H . Then K is called primitive/primitive (or just p/p) if K is simultaneously primitive with respect to H and H , or K is called primitive/Seifert (or just p/S ) if K is simultaneously primitive with respect to H and Seifert with respect to H (or vice versa). Figure 14 . Top of K(p, q, r, −n) Among others, Berge, Dean [3] , and Eudave-Muñoz [5] have studied p/p, and p/S knots. We will make use of some important results of Dean. When Dean introduced the twisted torus knots, he included an additional (unnecessary) parameter, and deduced a method of determining whether a twisted torus knot is primitive or Seifert with respect to either handlebody by calculating an algebraic term w p,q,r,m,n in terms of these parameters. We will adapt this term for use with our notation.
Definition 4.
If the twisted torus knot K = K(p, q, r, n) sits on a genus two Heegaard surface bounding handlebodies H and H , then the conjugacy class of K in the fundamental group of one of the handlebodies is denoted w p,q,r,n,1 , and the in the other as w q,p,r,1,n .
Without delving too deeply into these terms, we will use the following important facts.
Lemma 8 (Lemma 3.3 of [3] ). The term w p,q,r,m,n satisfies: (i) w p,q,r,m,n is equivalent to w p,q ,r,m,n if q ≡ ±q mod p.
(ii) w p,q,r,m,n is equivalent to w p,q,r ,m,n if r ≡ ±r mod p.
Theorem 4 (Theorem 3.4 of [3] ). The torus knot K(p, q, r, n) is primitive with respect to one of the handlebodies if and only if (i) p = 1; or (ii) n = ±1 and r ≡ ±1 or ±q mod p.
We remark that the original statement of Theorem 3.4 in [3] requires that n = 1, but this is the consequence of an assumption to simplify the exposition, and it is clear from the proof that it applies just as well when n = −1.
Dean also provides criteria for a twisted torus knot to be Seifert with respect to a particular handlebody. He refers to three cases as hyper -, end -, or middle-Seifert-fibered, depending on the values of the parameters n and r. He conjectures that these describe all cases of twisted torus knots that are Seifert. We will say that a knot is HEM -Seifert if it is one of these three cases.
4.2. Extended Goeritz group. In [13] , Scharlemann proves that the group of isotopy classes of orientationpreserving homeomorphisms of S 3 that preserve a genus 2 Heegaard splitting (preserving each handlebody set-wise) is generated by four elements: α, β, γ and δ. The automorphisms α, β and γ are as shown in Figs Figure 16 . The automorphism β acts on one of the handlebodies by a rotation of half of the handlebody by π.
As described in [13] , the element δ can be chosen from many possible operations. Here we think of the genus two handlebody as a 2-sphere with two 1-handles attached to it. The homeomorphism δ is the one that slides the foot of one of the 1-handles over a longitudinal curve of the other and back to its original position. These automorphisms preserve H and H , individually. To fully describe orientation-preserving automorphisms of S 3 that preserve the Heegaard surface, we must also allow for automorphisms that exchange H and H . Let ε be obtained from rotation by π about the curve C, as shown in Fig. 17 .
We will call the group generated by α, β, γ, δ and ε the extended Goeritz group. Observe that this includes every isotopy class of orientation-preserving homeomorphism of S 3 that preserves a genus two Heegaard surface. Figure 17 . The automorphism ε is orientation-preserving, and exchanges the two handlebodies H and H .
C
We will be considering the induced action of the extended Goeritz group on the homology of the Heegaard surface. First, label the generators of H 1 (F ) as a, x, b, and y, as shown in Fig. 18 . We will adopt the convention of representing elements of H 1 (F ) in the form (a, x, b, y), listing both meridians before their duals. Proof. In H 1 (F ), the (p, q)-torus knot lying on the side of F with generators a and b represents (q, 0, −p, 0), and the (1, n)-torus knot represents (0, n, 0, −1). Observe that the twisted torus knot can be defined correctly from these two torus knots with these orientations, and that the (p, q)-torus knot has positive crossings, while the (1, n)-torus knot will have crossings that agree with the sign of n. Then, as the twisted torus knot K(p, q, r, n) has r strands twisting n times forming a r parallel (1, n)-torus knot, the result follows.
Denote by α * , β * , γ * , δ * , and ε * the maps induced on H 1 (F ) by α, β, γ, δ, and ε, respectively. Considering elements of H 1 (F ) in the form (a, x, b, y), the induced maps act in the following way:
y → a. Using these definitions, we can define relations on the induced maps. Because α * scales an element of H 1 (F ) by −1, the map α * commutes with all the other induced maps. The other relations are defined as follows:
Since δ * and γ * almost commute with β * and ε * , and because α * , β * , γ * , and ε * all have order two, we can write the general form of a composition of these maps as
where h, j, k, l ∈ {0, 1}, m i ∈ Z − {0} for i = 1, . . . , n − 1 and m n ∈ Z.
If we consider the a, x, b and y to be the elementary vectors in R 4 , the maps α * , β * , γ * and δ Post-composition with γ * consists of multiplication of the following blocks:
Post-composition with δ * consists of multiplication of the following blocks:
And finally, post-composition with δ −1 * consists of:
In all cases, the second matrix is the inverse of the transpose of the first matrix.
4.3. Inequivalent positions of knots. Doleshal proved the following.
Theorem 5 (Theorem 4.1 of [4] ). For integers k, q, and m with k ≥ 2, q > 2, 1 ≤ m < q, and (q, m) = 1, let K 1 and K 2 be the twisted torus knots K 1 = K(kq + m, q, m, −1) and K 2 = K(kq + q − m, q, q − m, −1), with their canonical embeddings on the genus two Heeagaard surface, F , for S 3 . Then, K 1 and K 2 are isotopic as knots in S 3 and have the same surface slope with respect to F , but there is no homeomorphism of S Proof. We observe that the method in [4] to show that the knots K 1 and K 2 are isotopic in S 3 does not depend on the hypothesis that k ≥ 2. The exact method of proof establishes the statement for the cases when k = 0 and k = 1 as well.
Let H and H denote the two handlebodies on either side of the Heegaard surface, F , upon which K i naturally sits as a twisted torus knot. Note first that K 1 and K 2 both have the same surface slope, kq 2 + qm − m 2 , by Proposition 3.1 of [7] . We first establish the relations between K 1 and K 2 to the handlebodies on either side of F . When k = 0, we consider separately the cases of m = 1 and m > 1. For m = 1, K 1 represents the word w 1,q,1,−1,1 , in Dean's notation, which is primitive in π 1 (H) by Theorem 4. Additionally, in π 1 (H ), the knot represents w q,1,1,1,−1 , which is also primitive by Theorem 4. Now, K 2 represents the word w q−1,q,q−1,−1,1 in π 1 (H), which is equivalent to w q−1,q,0,−1,1 by Lemma 8. From [3] , we conclude that K 2 is not HEM-Seifert with respect to H. Finally, looking at K 2 within π 1 (H ), we have w q,q−1,q−1,1,−1 , which is equivalent to w q,1,1,1,−1 by Lemma 8. This is primitive by Theorem 4. Thus, when k = 0 and m = 1, the knot represented by K 1 is p/p, and K 2 is primitive with respect to H but neither primitive nor HEM-Seifert with respect to H.
Next, for m > 1, K 1 represents in π 1 (H) the word w m,q,m,−1,1 , which is equivalent to the word w m,q,0,−1,1 by Lemma 8, and K 1 is neither primitive nor HEM-Seifert with respect to H. In π 1 (H ), however, the knot represents the word w q,m,m,1,−1 , which is primitive by Theorem 4. The knot K 2 represents in π 1 (H) the word w q−m,q,q−m,−1,1 , which is equivalent to w q−m,m,0,−1,1 . This is neither primitive nor HEM-Seifert. In π 1 (H ), the word w q,q−m,q−m,1,−1 is equivalent to w q,m,m,1,−1 , which is primitive by Theorem 4. So, when k = 0 and m > 1, neither K 1 nor K 2 are p/p, and if either of the configurations are p/S, then they are Seifert in a way different from those prescribed by Dean.
When k = 1, K 1 represents w q+m,q,m,−1,1 in π 1 (H), which is equivalent to w q+m,q,−q,−1,1 , which shows K 1 is primitive. In π 1 (H ), K 1 represents w q,q+m,m,1,−1 , which is equivalent to w q,m,m,1,−1 , which is again primitive. Now, K 2 represents w 2q−m,q,q−m,−1,1 in π 1 (H), which is equivalent to w 2q−m,−(q−m),q−m,−1,1 , which is primitive. And in π 1 (H ), K 2 represents w q,2q−m,q−m,1,−1 , which is equivalent to w q,−m,−m,1,−1 , showing the knot to be primitive. Thus, when k = 1, K 1 and K 2 are both p/p knots.
Only in the case that k = 0 and m = 1 can we use the same methods as [4] to prove that the knots are inequivalent. Instead, we introduce a new method using the extended Goeritz group to show that when k = 0, there can be no homeomorphism carrying K 1 to K 2 . The goal will be to show that there does not exist an element of the extended Goeritz group that sends (F, K 1 ) to (F, K 2 ). To do so, we will consider K 1 and K 2 as the elements they represent in H 1 (F ) and study how the extended Goeritz group acts on them.
From We are trying to determine whether v can be equal to x = (x 1 , x 2 , x 3 , x 4 ) T = α h * β j * ε k * [K 2 ], so we solve a linear system of equations. To do this, set v = x to obtain a system of linear equations in s, t, u, and v, and use the augmented matrix to solve the system in terms of these variables. so from the third row we find that a further necessary condition for an integer solution is that m divide x 3 . The same result is obtained under the assumption that sv − tu = −1. However, x 3 = m − q = −1. Thus m = 1, and q − m = 1 implies that q = 2, while we assumed that q > 2. (Note, in fact, that in this case, K 1 = K 2 = K(1, 2, 1, −1) have exactly the same parameters, as twisted torus knots, and represent the unknot.)
Thus, when k = 0, there is no orientation-preserving homeomorphism of S 3 fixing F whose induced map on H 1 (F ) takes [K 1 ] to [K 2 ], so there is thus no such homeomorphism taking K 1 to K 2 . Any orientationreversing homeomorphism would simply be the composition of an orientation-preserving homeomorphism with a mirror reflection, which will certainly not carry K 1 to K 2 .
We remark that this technique, surprisingly, does not demonstrate an obstruction in the case that k = 1. In fact, there is an induced map on homology taking [K 1 ] = [K(q + m, q, m, −1)] to [K 2 ] = [K(2q − m, q, q − m, −1)], namely α * β * ε * γ * δ −1 * γ * δ 2 * . It remains unclear, however, whether the associated homeomorphism does actually carry K 1 to K 2 . Future work will investigate these distinctions between the extended Goeritz group and the induced actions on homology.
